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Abstract
Chatter is one of the most important limitations on the productivity of milling process. In order to avoid the poor surface quality and
potential machine damage due to chatter, the material removal rate is usually reduced. The analysis and modeling of chatter is
complicated due to the time varying dynamics of milling chatter which can be avoided without sacriﬁcing the productivity by using
analytical methods presented in this paper.
r 2005 Elsevier Ltd. All rights reserved.

1. Introduction
Productivity and surface quality in milling processes
have direct effects on cost, production lead-time and
quality of machined parts. Chatter is one of the most
common limitations for productivity and part quality in
milling operations. Poor surface ﬁnish with reduced
productivity and decreased tool life are the usual results
of chatter. Additional operations, mostly manual, are
required to clean the chatter marks left on the surface.
Thus, chatter vibrations result in reduced productivity,
increased cost and inconsistent product quality. The
importance of modeling and predicting stability in milling
has further increased within last couple of decades due to
the advances in high speed milling technology. At high
speeds, the stabilizing effect of process damping diminishes
making process more prone to chatter. On the other hand,
high stability limits, usually referred to as stability lobes,
exist at certain high spindle speeds which can be used to
increase chatter-free material removal rate substantially
provided that they are predicted accurately.
Chatter vibrations develop due to dynamic interactions
between the cutting tool and workpiece. Under certain
conditions the amplitude of vibrations grows and the
cutting system becomes unstable. Although chatter is
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always associated with vibrations, in fact it is fundamentally due to instability in the cutting system. The ﬁrst
accurate modeling of self-excited vibrations in orthogonal
cutting was performed by Tlusty [1] and Tobias [2]. They
identiﬁed the most powerful source of self-excitation,
regeneration, which is associated with the dynamics of the
machine tool and the feedback between the subsequent cuts
on the same cutting surface. The stability analysis of
milling is complicated due to the rotating tool, multiple
cutting teeth, periodical cutting forces and chip-load
directions, and multi-degree-of-freedom structural dynamics. In the early milling stability analysis, Koenigsberger and Tlusty [3] used the orthogonal chatter model [1]
considering an average direction and average number of
teeth in cut. An improved approximation was performed
by Opitz et al. [4]. Sridhar et al. [5,6] performed a
comprehensive analysis of milling stability which involved
numerical evaluation of the dynamic milling system’s state
transition matrix. On a two-degree-of-freedom cutter
model with point contact, Minis et al. [7] used Floquet’s
theorem and the Fourier series for the formulation of the
milling stability, and numerically solved it using the
Nyquist criterion. Budak [8] developed a stability method
which leads to analytical determination of stability limits in
milling. The method was veriﬁed by experimental and
numerical results [9,10], applied to the stability of ball-end
milling [11], and was also extended to 3D milling [12]. The
special case of low immersion milling has been investigated
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in several studies where added lobes were also presented
[13–15]. Recently, Merdol and Altintas [16] demonstrated
that the original multi-frequency stability model of Budak
and Altintas [8–10] can also be used to predict the added
lobes in case of very low immersion milling.
Another method of chatter suppression in milling is the
application of cutting tools with irregular spacing, or
variable pitch cutters which are particularly useful in cases
where high stability lobes cannot be utilized due to speed
limitations for the machine or work material. Unlike the
stability lobe or process damping effects, they can be
effective for both high- and low-speed applications. The
effectiveness of variable pitch cutters in suppressing chatter
was ﬁrst demonstrated by Slavicek [17] by assuming a
rectilinear motion. Opitz et al. [18] considered milling tool
rotation using average directional factors. Another signiﬁcant study on these cutters was performed by Vanherck
[19] who considered different pitch variation patterns in the
analysis but by assuming rectilinear tool motion. Later,
Tlusty et al. [20] analyzed the stability of milling cutters
with special geometries such as irregular pitch or serrated
edges, using numerical simulations. Their results conﬁrmed
that for a certain pitch variation, high improvements in
stability can be achieved only for a limited speed and
chatter frequency ranges. Altintas et. al. [21] adapted the
analytical milling stability model to the case of variable
pitch cutters which can be used to predict the stability
limits accurately. Recently, Budak [22] developed an
analytical method for the optimal design of pitch angles
in order to maximize stability limit for chatter frequency
and spindle speed ranges of interest.
One important input needed by the chatter models is the
dynamic properties of the milling system which are usually
measured using impact testing and modal analysis [23].
Considering great variety of machine tool conﬁgurations,
tool holder and cutting tool geometries, analysis of every
case can be quite time consuming and unpractical. Schmitz
[24,25] used substructuring methods to predict the
dynamics of tool holder-end mill assembly using beam
component modes. Kivanc and Budak [26] further
extended this approach by including the complex geometry
of end mills in the beam model.
In this paper, methods of increasing chatter-free material
rate by optimal selection of tool geometry, spindle speed
and axial and radial depth of cuts are presented. The
methodology is mainly based on the original analytical
milling stability model of Budak and Altintas [8–10]. A
practical method for tool dynamics modelling is also given.
2. Stability analysis of standard milling tools
2.1. Dynamic chip thickness and milling forces
In this analysis, both milling cutter and work piece are
considered to have two orthogonal modal directions as
shown in Fig. 1. Milling forces excite both cutter and
workpiece causing vibrations which are imprinted on the

Fig. 1. Cross sectional view of an end mill showing differential forces.

cutting surface. Each vibrating cutting tooth removes the
wavy surface left from the previous tooth resulting in
modulated chip thickness which can be expressed as
follows:

 

hj ðfÞ ¼ f t sin fj þ v0jc  v0jw  vjc  vjw ,
(1)
where the feed per tooth ft represents the static part of the
chip thickness, and fj ¼ ðj  1Þfp þ f is the angular
immersion of tooth (j) for a cutter with constant pitch
angle fp ¼ 2p=N and N teeth as shown in Fig. 1. f ¼ O t is
the angular position of the cutter measured with respect to
the ﬁrst tooth and corresponding to the rotational speed O
(rad/sec). vj and vj0 are the dynamic displacements in the
chip thickness direction due to tool and work piece
vibrations for the current and previous tooth passes, for
the angular position fj, and can be expressed in terms of
the ﬁxed coordinate system as follows:
vjp ¼ xp sin fj  yp cos fj

ðp ¼ c; wÞ,

(2)

where p and c indicate part and cutter, respectively.
The static part in Eq. (1), (ft sin fj), is neglected in the
stability analysis, as it does not contribute to the
regeneration mechanism, and thus can be eliminated in
the chatter stability analysis.
If Eq. (2) is substituted in Eq. (1), the following
expression is obtained for the dynamic chip thickness in
milling:
h
i
hj ðfÞ ¼ Dx sin fj þ Dy cos fj ,
(3)
where

 

Dx ¼ xc  x0c  xw  x0w ,

 

Dy ¼ yc  y0c  yw  y0w ,

ð4Þ
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where ðxc ; yc Þ and ðxw ; yw Þ are the dynamic displacements of
the cutter and the work piece in the x and y directions,
respectively. The dynamic cutting forces on tooth (j) in the
tangential and the radial directions can be expressed as
follows:
F tj ðfÞ ¼ K t ahj ðfÞ; F rj ðfÞ ¼ K r F tj ðfÞ,

(5)

where a is the axial depth of cut, and Kt and Kr are the
cutting force coefﬁcients. After substituting hj from
equation, the dynamic milling forces can be resolved in x
and y directions as follows:
( )
"
#(
)
Fx
axx axy
Dx
1
¼ aK t
,
(6)
Fy
ayx ayy
Dy
2
where axy are the directional coefﬁcients [9,10]. The
directional coefﬁcients depend on the angular position of
the cutter which makes Eq. (6) time varying:
fF ðtÞg ¼ 12aK t ½AðtÞfDðtÞg.

(7)

[A(t)] is periodic at the tooth passing frequency o ¼ NO.
In general, the Fourier series expansion of the periodic
term is used for the solution of the periodic systems.
However, in chatter stability analysis the inclusion of the
higher harmonics in the solution may not be required for
most cases as the response at the chatter limit is usually
dominated with a single chatter frequency. Starting from
this idea, Budak and Altintas [8–10] and later Merdol and
Altintas [16] have shown that the higher harmonics do not
affect the accuracy of the predictions unless the radial
depth of cut is extremely small compared to the tool
diameter. Thus, it is sufﬁcient to include only the average
term in the Fourier series expansion of [A(t)] in which case
the directional coefﬁcients take the following form [8–10]:
f

axx

¼ 12½cos 2f  2K r f þ K r sin 2ffexst ;

axy

¼ 12½ sin 2f  2f þ K r cos 2ffexst ;
f

¼ 12½ sin 2f þ 2f þ K r cos 2ffexst ;

ayy

¼ 12½ cos 2f  2K r f  K r sin 2ffexst :

(8)

G pxy

G pyx

G pyy

#
ðp ¼ c; wÞ,

(11)

where the total transfer function can be obtained from the
summation of the cutter and workpiece transfer function,
i.e., ½Gðioc Þ ¼ ½Gc ðioc Þ þ ½G w ðioc Þ: Eq. (10) has a nontrivial solution only if its determinant is zero,
det½½I þ L½G 0 ðioc Þ ¼ 0,

(12)

where [I] is the unit matrix, and the oriented transfer
function matrix is deﬁned as
½G 0  ¼ ½A0 ½G

(13)

and the eigenvalue (L) in Eq. (12) is given as
N
K t að1  eioc T Þ.
(14)
4p
L can easily be computed from Eq. (12) numerically.
However, an analytical solution is possible if the cross
transfer functions, Gxy and Gyx, are neglected:

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
a1  a21  4a0 ,
(15)
L¼
2a0
L¼

where
a0 ¼ G xx ðioc ÞG yy ðioc Þðaxx ayy  axy ayx Þ,
a1 ¼ axx G xx ðioc Þ þ ayy G yy ðioc Þ.

ð16Þ

Since the transfer functions are complex, L will have
complex and real parts. However, the axial depth of cut (a)
is a real number. Therefore, when L ¼ LR þ iLI and
eioc T ¼ cos oc T-i sin oc Tis substituted in Eq. (14), the
complex part of the equation has to vanish yielding
LI
sin oc T
.
¼
LR 1  cos oc T

(17)

The above can be solved to obtain a relation between the
chatter frequency and the spindle speed [9,10]:
e ¼ p  2c,

Then, Eq. (7) reduces to the following form:
(9)

2.2. Chatter stability limit
The dynamic displacement vector in Eq. (9) can be
determined using the dynamic properties of the structures,
transfer function or frequency response functions, and the
dynamic forces. By substituting the response and the delay
terms in Eq. (9), the following expression is obtained [9,10]:
fFgeioc t ¼ 12aK t ð1  eioc T Þ½A0 ½Gðioc ÞfFgeioc t ,

Gpxx

oc T ¼ e þ 2kp,

f

fF ðtÞg ¼ 12aK t ½A0 fDðtÞg.

½G p  ¼

k¼

f

ayx

given as:
"
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(10)

where {F} represents the amplitude of the dynamic
milling force {F(t)}, and the transfer function matrix is

c ¼ tan1 k,
60
,
ð18Þ
n¼
NT
where e is the phase difference between the inner and outer
modulations, k is an integer corresponding to the number
of vibration waves within a tooth period, and n is the
spindle speed (rpm). After the imaginary part in Eq. (14) is
vanished, the following is obtained for the stability limit:
alim ¼ 

2pLR
ð1 þ k2 Þ.
NK t

(19)

Therefore, for given cutting geometry, cutting force
coefﬁcients, tool and work piece transfer functions, and
chatter frequency oc, LI and LR can be determined from
Eq. (15), and can be used in Eqs. (18) and (19) to determine
the corresponding spindle speed and stability limit. Eq. (15)
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provides two L’s for every chatter frequency, however the
one which results in the lowest alim must be used similar to
the other stability problems. When this procedure is
repeated for a range of chatter frequencies and number
of vibration waves, k, the stability lobe diagram for a
milling system is obtained. Stability diagrams can be used
to determine the maximum chatter free cutting depths and
spindle speeds, and hence can be used to maximize the
productivity without sacriﬁcing from the quality.

as follows:
ej ¼ e1 þ Dej ðj ¼ 2; . . . ; NÞ,

(26)

where Dej is the phase difference between tooth j and tooth
(1) corresponding to the difference in the pitch angles
between these teeth. The pitch angle variation DP
corresponding to De can be determined as [22]
DP ¼

O
De.
oc

(27)

Eq. (25) can be expanded as follows by using Eq. (26):

3. Stability analysis for variable pitch cutters

S ¼ sin e1 þ sin e1 cos De2 þ sin De2 cos e1
3.1. Phase angles and stability limit

þ sin e1 cos De3 þ sin De3 cos e1 þ . . . .

Variable pitch cutters have non-uniform pitch spacing
between the cutting teeth. Thus, the fundamental difference
in the stability analysis is that the phase delay is different
for each tooth:
ej ¼ o c T j

ðj ¼ 1; . . . ; NÞ,

(20)

where Tj is the jth tooth period corresponding to the pitch
angle fpj. The dynamic chip thickness and the cutting force
relations given for the standard milling cutters apply to the
variable pitch cutters, as well. The eigenvalue expression
will take the following form due to the varying phase:
L¼

a
Kt
4p

N 
X


1  eioc T j ,

(21)

j¼1

The stability limit can be obtained from Eq. (21) as
avp
lim ¼ 

4p
L
,
K t N  C þ iS

(22)

where
C¼

N
X

cos oc T j ;

j¼1

S¼

N
X

sin oc T j .

(23)

j¼1

As alim is a real number, the imaginary part of Eq. (22)
must vanish yielding [22]
avp
lim ¼ 

4p LI
.
Kt S

There are many solutions to the minimization of jSj, i.e.
ðS ¼ 0Þ. For example, for even number of teeth, S ¼ 0 for
Dej ¼ jpU A more general solution can be obtained by
substituting a speciﬁc pitch variation pattern into S. For
the linear pitch variation S takes the following form [22]:
S ¼ sin e1 ð1 þ cos De þ cos 2De þ . . .Þ
þ cos e1 ðsin De þ sin 2De þ . . .Þ.

ð29Þ

It can be found out by intuition that S ¼ 0 for the
following conditions:
2p
ðk ¼ 1; 2; . . . ; N  1Þ.
(30)
N
The corresponding DP can be determined using Eq. (27).
The increase of the stability with variable pitch cutters
over the standard end mills can be determined by
considering the ratio of stability limits. For simplicity,
the absolute or critical stability limit for equal pitch cutters
is used. The absolute stability limit is the minimum stable
depth of cut without the effect of lobing which can be
expressed as follows:

De ¼ k

acr ¼ 

4pLI
.
N Kt

(31)

Then, the stability gain can be expressed as
r¼

(24)

ð28Þ

avp
N
lim
¼ ,
S
acr

(32)

The stability limit with variable pitch cutters can be
determined using Eq. (24). However, optimization of pitch
angles for a given milling system has more practical
importance than the stability analysis for an arbitrary
variable pitch cutter. Therefore, the rest of the analysis
focuses on the optimization of the pitch angles to maximize
the stability against chatter.
Eq. (24) indicates that in order to maximize the stability
limit, jSj has to be minimized. From Eq. (23), S can be
expressed as follows:
S ¼ sin e1 þ sin e2 þ sin e3 þ . . . ,

(25)

where ej ¼ oc T j . The phase angle, which is different for
every tooth due to the non-constant pitch, can be expressed

Fig. 2. Effect of e1 on stability gain for a 4-ﬂuted end mill with linear pitch
variation.
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where r is plotted as a function of De in Fig. 2 for a 4-tooth
milling cutter with linear pitch variation. The phase e
depends on the chatter frequency, spindle speed and the
eigenvalue of the characteristic equation. Therefore,
the stability analysis has to be performed for the
given conditions. Three different curves corresponding
to different e1 values are shown in Fig. 2 to demonstrate
the effect of phase variation on r. r is maximized for
integer multiples of 2p=N, i.e. for ð1=4; 1=2; 3=4Þ  2p. De þ
k2pðk ¼ 1; 2; 3; . . .Þ are also optimal solutions, however, they result in higher pitch variations which is not
desired.
As it can be seen from Fig. 2 for a 4-tooth end mill with
linear pitch variation, a minimum of r ¼ 4 gain is obtained
for 0:5poDeo1:5p. Thus, the target for De should be p,
which is one of the optimal solutions for the cutters with
even number of ﬂutes, but it is also in the middle of the
high stability area.

1493

Fig. 3. Stable axial depth of cut vs. spindle speed for b ¼ 0:67.

3.2. Design of milling cutters with linear pitch variation
Considering possible frequency variations, it is better to
keep De close to p, i.e. k ¼ N=2 for even number of teeth,
k ¼ ðN  1Þ=2 for odd number of teeth. Then, the relation
between the pitch angle variation and the phase given in
Eq. (27) takes the following form:
DP ¼ p oOc
DP ¼

p oOc ðN1Þ
N

for even N;
for odd N;

(33)

where O is the spindle speed in (rad/s), De is the pitch
variation (rad) and N is the number of teeth.
The pitch angles have to satisfy the following relation:
P0 þ ðP0 þ DPÞ þ ðP0 þ 2DPÞ þ . . . . . .
þ ½P0 þ ðN  1ÞDP ¼ 2p.

ð34Þ

P0 can be determined from Eq. (34) as follows:
2p ðN  1ÞDP

.
(35)
N
2
Therefore, for given chatter frequency and spindle speed,
the optimal pitch variation can be determined from Eqs.
(33) and (35).
P0 ¼

4. Optimal conditions for stable milling using analytical
models
4.1. Stable axial and radial depth of cuts
Stability diagrams in terms of axial depth of cut for a
given radial depth of cut can be generated using Eq. (19) in
a certain spindle speed range. The radial depth of cut, B,
can be deﬁned as follows:
B=R ¼ 1  cosðfst Þ ðup-millingÞ;
B=R ¼ 1 þ cosðfex Þ ðdown-millingÞ;

(36)

where fst and fex are the start and exit angles of the cutting
edges to and from the cut, and R is the tool radius.
A normalized form of the radial depth of cut, b ¼ B=2R is
used in the rest of the formulation for generalization. Thus,
b is unitless, and it may only have values in the range of [0,
1]. The stability diagrams can be generated, in terms of
either alim vs. spindle speed (for a ﬁxed blim) or blim vs.
spindle speed (for a ﬁxed alim). The common practice is to
express stability diagrams in terms of alim vs. spindle speed.
The importance of identifying blim is two folds. First, in
some cases, axial depth is ﬁxed due to the geometry of the
part, thus the maximum stable b must be determined.
Second, maximum MRR can only be achieved by
optimizing both depth of cuts. The procedure to determine
blim starts with selection of an alim for which the stability
diagram, blim vs. spindle speed, will be generated. Then, by
scanning the full range of exit angles (up-milling) or start
angles (down-milling), the eigenvalues of the milling system
are determined. As the last step, the corresponding value of
blim is determined using Eq. (36).
As an example, the system considered by Weck et al. in
[27] which involves milling of an aluminium alloy with a 3tooth end mill is considered. Figs. 3 and 4 show the
stability diagrams generated using the analytical method.
One importance of identifying blim is clearly seen in Fig. 4.
The radial depth of cut limit for the selected axial depth
reaches to the maximum value of b ¼ 1 at some speeds.
That is another reason why the maximum material removal
rate can only be achieved by optimizing a and b
simultaneously.
If we focus on a speciﬁc spindle speed where stability
limits are the highest, i.e. in the lobes, we see that, no
decrease in b is necessary for some increase in a, however,
after a certain point, a negatively sloped relation exists
between the stable limits of axial and radial depths of cut as
represented in Fig. 5.
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Fig. 4. Stable radial depth of cut vs. spindle speed for a ¼ 1.5 mm.

Fig. 6. Maximum MRR* vs. stable limit of axial depth of cut.

MRR* for an axial depth of cut is calculated using the
blim corresponding to that alim. Subsequently the chatterfree MRR* is obtained as shown below:
MRR ¼ alim blim n N.

Fig. 5. Stable radial depth of cut vs. stable axial depth of cut for
12600 rpm.

4.2. Maximum material removal rate
Since material removal rate (MRR) is proportional to
the multiplication of the axial and radial depths of cut, it is
interesting to ﬁnd out at which combination of axial and
radial depths of cut, the maximum value of MRR may be
achieved.
MRR ¼ a b n N f t ,

(37)

where, a is the axial depth of cut, b is the radial depth of
cut, n is the spindle speed, N is the number of cutting teeth,
and ft is the feed per revolution per tooth. In general, effect
of ft on stability is small and can be neglected. Therefore, a
normalized value of MRR is used hereafter:
MRR ¼

MRR
¼ a b n.
ff

(38)

(39)

The variation of the MRR* with the axial depth of cut
at the high stability pocket position of 12600 rpm is shown
in Fig. 6. The ﬁgure indicates that, for this case, the
maximum possible MRR* can be obtained for the axial
depth of cut of about 5 mm. In some cases the MRR* curve
has a peak as in Fig. 6, in some cases it saturates after a
certain depth depending on the machine tool dynamics.
Through simulations [28] it was found that if the natural
frequencies of the cutter and workpiece system are different
in x and y directions signiﬁcantly, and the feed is in the
direction of lower natural frequency, then it is more likely
to see a peak in the MRR* curve. For the example
considered here, the modal frequencies of the end mill in
the feed and normal directions were 600 and 660 Hz,
respectively.
4.3. Example applications
4.3.1. Stability limits
An aluminum milling application with 4-teeth milling
tool is considered. The cutting coefﬁcients were calibrated
as K t ¼ 796 MPa and K r ¼ 0:21 for the feedrate of
0.25 mm/tooth. The modal properties of the tool measured
using impact tests are given in [28]. The stability diagram in
terms of radial depth for axial depth of cut of 1.5 mm is
shown in Fig. 7. Results of the chatter tests are also shown
in the same ﬁgure which are in good agreement with the
predictions.
Fig. 8 shows the variation of the radial depth of cut limit
with the axial depth for 11000 rpm which is useful in
identifying the optimal milling conditions for maximum
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Fig. 7. Stability diagram for axial depth of 1.5 mm in the aluminum-milling example.

Fig. 8. Stable radial depth limit vs. axial depth of cut for 11 000 rpm.

material removal rate. Again, the agreement between
experiments and the simulations is satisfactory.

4.3.2. Minimal chatter free pocketing time
Pocketing is a very common operation in milling, e.g. in
die, mold, airframe production, etc. Pocketing time simply
depends on the material removal rate and the dimensions
of the pocket. In order to ﬁnd the minimum pocketing
time, one should consider the total number of passes (nop)
[29]. The term ‘‘pass’’ stands for one cutting pass across the
pocket length. Total pocketing time (TPT) can be

approximately expressed as
wp
TPT ¼ nop .
f

(40)

Thus, minimizing total pocketing time is equivalent to
minimizing number of passes since we keep the feed rate
constant throughout the analysis. A proper feedrate value
should be used considering the other constraints such as
the tool capacity and the surface ﬁnish requirement.
Number of passes can then be expressed as
   
dp
lp
nop ¼ ceil
ceil
,
(41)
a
b
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shown that by using the optimal combination, signiﬁcant
saving, up to around 40% reduction in pocketing time
could be achieved.

Table 1
Pairs of stable limits of axial and radial depths of cut
alim (mm)

blim (mm)

4.00
6.00
8.00
10.00
12.00
14.00
20.00

1.00
0.83
0.65
0.52
0.44
0.38
0.27

5. Dynamic analysis of the tool

Table 2
Optimal depths of cut for the minimum pocketing time
Pocket Conventional b ¼ 0:8

Optimal

Improvement

Lp/D
Dp
(mm)

a (mm)

nop

a (mm) b

nop (%)

4
6
8
10
12
14
20

4
6
4–4
5–5
6–6
5–5–4
5–5–5–5

13
13
26
26
26
39
52

4
6
8
10
12
14
20

13
13
16
20
23
27
38

10
10
10
10
10
10
10

1.0
0.83
0.65
0.52
0.44
0.38
0.27

23
8
38
23
11
30
27

where dp is the pocket depth, lp is the pocket length, ceil is
the round up function. The ceil function is used, because
even if the remaining part for the ﬁnal pass is smaller than
the geometry determined by axial and radial depths of cut,
the time necessary for that ﬁnal pass does not change. It is
because of the ceil functions that maximizing MRR* is not
necessarily same as minimizing nop. The steps of the
proposed method are as follows. Once the pocket geometry
and the appropriate tool are identiﬁed, workpiece and
cutter dynamics are to be measured, so that the pairs of
stable axial and radial depth of cut limits can be
determined using simulations. For the example considered
in Section 4.1, the pairs of stable depths are determined
using the method presented here and shown in Table 1 [29].
Results of the optimization are presented in Table 2.
The ﬁrst two column of Table 2 show the required
pocket depth and length. The next two column-sets present
the resulting nop for two different methods. The ﬁrst
method stands for choosing a high radial depth of cut close
to full slotting, 0.8 in this case. The second column set,
Optimal, presents the results for choosing the optimal
pair of depths of cut according to the method presented in
this paper. The last column shows the percentage
improvements in pocketing time attained by the optimal
combination.
Similar or even higher improvements in nop were
obtained for other selected values of b. In conclusion, the
optimal combination of axial and radial depths of cut,
which gives the minimum pocketing time, might be quite
different than those determined in by the conventional
ways, i.e. arbitrarily picking a radial depth of cut. It is

Dynamics of the tool is required for the stability analysis
and stability limit prediction. Tool dynamics can be
measured using impact tests and modal analysis. However,
considering many combinations of tool and tool holder
even for one machine, this can be very time consuming
approach especially for industrial environment. Two
different cases will be considered for analytical modeling
of the end mill dynamics. For slender end mills where the
dynamics is mostly dominated by the tool modes, ﬂexible
tool-rigid holder model will be used. A general case will
also be presented where the tool, tool holder and spindle
dynamics are also included.
5.1. Flexible tool-rigid holder
Dynamic analysis is used to determine mode shapes and
natural frequencies of the cutting tool structures. A
modeling method for transverse vibrations of an end mill
is developed. End mill is a segmented beam, one segment
for the part with ﬂute and the other segment for the shank.
The beam model with two different geometric segments is
shown in Fig. 9. I1; I2 and A1, A2 are the moment of
inertias and the areas of the segments, respectively. RðxÞ
and SðyÞ are the mode shapes, and w1ðx; tÞ and w2ðx; tÞ are
the displacement functions. The governing equations of
motion, neglecting the rotational inertia and shear formation, can be converted into the well-known Euler–Bernoulli
equations:
d4 R
 rA1o2 ;
dx4
d4 S
EI2 4  rA2o2 ;
dy

EI1

R ¼ 0; 0pxpL1,
S ¼ 0; 0pypL2,

ð42Þ

where E is the modulus of elasticity and r is the density.
The solution of Eq. (42) can be expressed as
RðxÞ ¼ A1 cos hðbxÞ þ A2 sin hðbxÞ
þ A3 cosðbxÞ þ A4 sinðbxÞ,
SðxÞ ¼ A5 cos hðaxÞ þ A6 sin hðaxÞ
þ A7 cosðaxÞ þ A8 sinðaxÞ,

Fig. 9. The geometry of the beam with two different segments.

ð43Þ
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where A1; A2; A3; A4; A5; A6; A7 and A8 are arbitrary
constants. It is necessary to accompany the general solutions
with the boundary conditions. After applying the free
boundary conditions at x ¼ 0, i.e. bending moment and
shear force must vanish; continuity equations at x ¼ L1 and
y ¼ 0, i.e. displacement, slope, moment and shear force must
be equal on both sides, and ﬁxed boundary conditions
y ¼ L2, the following matrix equation is obtained [26]
½CfAg ¼ 0,
(44)
where Aj is the vector of the 8 arbitrary constants and the
coefﬁcient matrix [C] is of dimension (8  8). These 8
conditions are sufﬁcient to solve for the 8 arbitrary
constants. The equations involving these constants are given
in [26]. The characteristic equation is determined if jCj ¼ 0.
The natural frequencies are computed from the solution of
characteristic equation as
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EI1
o ¼ ðbL1Þ rA1L1
4
orqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

o ¼ ðaL2Þ

(45)

EI2
:
rA2L24

The mode shapes according to the frequencies are obtained
by combining RðxÞ and SðyÞ from Eq. (43).
5.2. Tool dynamics including machine flexibility
5.2.1. Receptance coupling substructure analysis for tool
dynamics
In this model, the complete machine structure is divided
into two parts: tool and tool holder/spindle. The description of the assembly model and the connection parameters
are shown in Fig. 10 [24]. The four connection parameters
(linear and torsional springs and dampers) must be
determined to predict tool point frequency response
function (FRF). According to these parameters, tool and
tool holder/spindle FRFs are coupled using receptance
coupling substructure analysis (RCSA). RCSA is a very
efﬁcient method for predicting dynamic response of tools
without measurements for each tool, tool holder and
spindle combination. The analytical model developed for
the tool dynamics is used together with RCSA to determine
the total dynamics of the machine.
In the formulation, the component modes are represented by H whereas G is for the assembly FRFs. Direct
and cross deﬂection receptance terms (H 11 ; H 22 and
H 12 ¼ H 21 ), displacement under applied force (Lmn),
rotation under applied force (Nmn) and the rotation under

Fig. 10. Tool and tool holder/spindle assembly.
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applied moment (Pmn) for the component A are derived
analytically [24,25]. For the calculations, density (r), elastic
modulus (E), viscous damping coefﬁcient (c) and second
moment of inertia (I) are required. In the static analysis
section, an analytic equation for the maximum displacement at the tool tip was derived which can be used to
determine the stiffness of the tool. The effective diameter of
the tool and the second moment of inertia can be calculated
using the analytical equations presented in Part (1) of the
paper [30] for segmented beam. The damping ratios for
many HSS and carbide tools have been determined
experimentally. Average values of z ¼ 0:018 and z ¼
0:012 have been obtained from experimental data for
HSS and carbide tools, respectively. These damping ratio
values can then be used in the analysis of different tools.
For the tool holder/spindle component the direct
deﬂection receptance term ðH 33 Þ is measured at the
intersection location by impact test. L33; N 33 and P33 are
assumed to be zero. Finally, after RCSA for the complete
structure, the analytical displacement/force relationship at
the tool tip ðG11 Þ, which is required for stability and chatter
avoidance, is given by Schmizt et al. [25]:
X1
¼ H 11  H 12 E 1
G11 ¼
1 E2
F1



 L12 E 1
kq N 21 þ cq N 021  E 4 E 1
3
1 E2 ,


E 1 ¼ kx H 33 þ kx H 22 þ cx H 033 þ cx H 022 þ 1


0
0
 E 1
3 E 4 kx L33 þ k x L22 þ cx L33 þ cx L22 ,




0
E 2 ¼ kx H 21 þ cx H 021  E 1
3 kq N 21 þ cq N 21


 kx L33 þ kx L22 þ cx L033 þ cx L022 ,
E 3 ¼ kq P33 þ kq P22 þ cq P033 þ cq P022 þ 1,
E 4 ¼ kq N 33 þ kq N 22 þ cq N 033 þ cq N 022 ,
H 0mn ¼ iwH mn ;
N 0mn ¼ iwN mn ;

L0mn ¼ iwLmn ,
P0mn ¼ iwPmn .

ð46Þ

Fig. 11. Measured FRF at the tip of CAT40 tool holder/spindle
combination.
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Table 3
Stiffness and damping coefﬁcients for the experiment

kx (N/m)
kq (Nm/rad)
cx (Ns/m)
cq (Nms/rad)

L/D ¼ 8 Lcontact ¼ 36

L/D ¼ 9 Lcontact ¼ 28

L/D ¼ 10 Lcontact ¼ 20

L/D ¼ 11 Lcontact ¼ 12

9.036  106
1.02  107
445
54.17

6.885  106
5.3  106
368
71.44

3.614  106
3.8  106
228
78.09

1.304  106
1.277  106
141
79.34

5.2.2. Identification of interface parameters
In experiments, the tool point FRFs ðG 11 Þ of the tool/
tool holder/spindle assembly are measured for different
tools [26]. From the analytical component modes presented, and the experimental data the clamping stiffness
and damping can be identiﬁed from tool point FRF. This is
done using least squares error minimization method in
order to minimize the overall error in the considered
frequency range for the FRF.
5.3. Example application
A carbide end mill with 4 ﬂutes, 8 mm diameter, and
100 mm length is used for test. Different lengths are
selected for the measurement. The tool effective diameter
and damping coefﬁcient were determined as 7.49 mm and
5 Ns/m, respectively. The tool holder/spindle direct FRF
ðH 33 Þ is measured at the free end in x/y directions is shown
in Fig. 11. The same tool holder is used with different end
mills, and therefore the same FRF ðH 33 Þ is used in RCSA.
After the nonlinear least square evaluation, the stiffness
and damping coefﬁcients are determined as shown in Table
3. The measured and predicted FRFs using analytical
component FRFs and RCSA are given for the shortest and
longest tools Fig. 12. The agreement between the experimental results and the predictions is satisfactory.
6. Conclusions
Chatter is one of the major limitations in machining
resulting in poor quality and low productivity. In this
paper, analytical models which can be used to suppress
chatter vibrations, and thus increase the performance in
milling operations, are presented. Stability of milling is
complicated due to the rotational cutting tool resulting in a
time varying dynamics. The analytical milling stability
model is based on the Fourier series expansion of the
periodic terms and the Floquet’s theorem. The method is
very fast and practical in generating stability lobe diagrams
which can be used to maximize chatter free material
removal rate. This method is also extended to the analysis
and design of variable pitch cutters which are effective in
suppressing chatter in low cutting speeds as well. An
analytical method is presented for modeling of end mill
dynamics which eliminates the need for transfer function
measurements for every tool assembly. The application of
the models is demonstrated by several examples. These

Fig. 12. Predicted and measured FRFs for L=D ¼ 8 and L=D ¼ 11.

methods can be used in industrial processes for increased
milling performance.
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